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Abstract. In this work, we investigate the impacts of the future gravitational-wave (GW)
standard siren observation by the Einstein Telescope (ET) on constraining the interacting
dark energy (IDE) models. We simulate 1000 GW events in the redshift range of 0 . z . 5
based on the 10-year observation of the ET. We combine the simulated GW data with the cur-
rent mainstream cosmological electromagnetic observations including the cosmic microwave
background anisotropies, the baryon acoustic oscillations, and the type Ia supernovae to
constrain the IDE models. We consider typical IDE models in the context of a perturbed
universe. To avoid the large-scale instability problem for IDE models, we apply the extended
parameterized post-Friedmann approach to calculate the cosmological perturbations. We find
that the addition of the GW standard siren data could significantly improve the constraint
accuracies for most of the cosmological parameters (e.g., H0, w, and Ωm). For the coupling
parameter β, the constraint errors could also be slightly improved when adding the GW data
in the cosmological fit.
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1 Introduction
The accelerated expansion of the universe, discovered by the observations of type Ia
supernovae [1, 2] and further confirmed by the observations of cosmic microwave background
[3, 4] and large scale structure [5, 6], has become a fact. In order to explain the cosmic
acceleration, the concept of “dark energy”, which is an exotic form of energy with negative
pressure, has been proposed [7–15]. At present, dark energy (DE) occupies about 68% of the
total energy density of the cosmos, dominating the evolution of the current universe.
The cosmological constant Λ, proposed by Einstein in 1917, has always been regarded
as the simplest candidate of DE until now. The combination of cosmological constant Λ
(or vacuum energy) and cold dark matter (CDM) constitute a concordant cosmological
model, called the ΛCDM model. The equation of state (EoS) parameter of vacuum energy
is wΛ ≡ pΛ/ρΛ = −1. Although the ΛCDM model is in excellent agreement with current
cosmological observations with the least parameters [16], the cosmological constant Λ has al-
ways been plagued by some severe theoretical puzzles, such as the “fine-tuning” and “cosmic
coincidence” problems [17, 18]. Thus, it is hard to say that the cosmological constant model
with only six free parameters is the eventual scenario of our universe, which implies that the
ΛCDM model is necessary to be further extended and some new parameters concerning new
physics are thus introduced into the extensions.
To extend the ΛCDM cosmology in the aspect of DE, there are mainly two possible
theoretical orientations, i.e., dynamical dark energy and modified gravity (MG) theories. If
Einstein’s general relativity (GR) is valid on all the scales of universe, an alternative proposal
of Λ is the dynamical dark energy, which suggests that the energy form with negative pres-
sure can be provided by a spatially homogeneous scalar field evolving slowly down a proper
potential, dubbed quintessence. On the other hand, if GR breaks down on the cosmolog-
ical scales, some models of MG can mimic the “effective dark energy” at the cosmological
background level to explain the cosmic accelerated expansion. In general, a dynamical dark
energy model, compared to the cosmological constant, can yield a different expansion history
of the universe but a similar growth history of structure. On the contrary, the MG models
can yield a similar expansion history but a quite different structure growth history. Discrim-
inating the scenarios of dynamical dark energy and MG has become one of the most critical
issues in modern cosmology.
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However, it must be emphasized that there is another important theoretical possibility
that dark energy and dark matter can directly interact with each other, through mediating
some unknown scalar field degrees of freedom, also called “the fifth force”. Inspired by this
possibility, a large number of models featuring the interaction between dark matter and dark
energy have been constructed and researched [19–98]. Although the interaction between dark
matter and dark energy is mild, we still cannot exclude it within 1σ confidence region [99–
106]. What is important is that the models of interacting dark energy can successfully solve
(or alleviate) the cosmic coincidence problem through the attractor solution. Recently, the
models of interacting dark energy have been considered to help alleviate the Hubble constant
tension between the early and late universe measurements [107], and it was also shown that
they are helpful in partially explaining the excess of 21 cm absorption signal related to the
epoch of cosmic dawn (at z ∼ 17) detected in the EDGES experiment [98, 108, 109]. Thus,
the research on interacting dark energy models is expected to be significant and valuable.
Currently, the major cosmological probes include the cosmic microwave background
(CMB) anisotropies, baryon acoustic oscillations (BAO), type Ia supernovae (SN), direct
determination of the Hubble constant (H0), weak gravitational lensing (WL), redshift space
distortions (RSD), etc. Some important cosmological parameters have been precisely mea-
sured by the combination of these electromagnetic (EM) probes. But for the parameters
beyond the standard model, such as the EoS of dark energy, the sterile neutrino mass, the
tensor-to-scalar ratio and so forth, we still cannot measure them accurately up to now. In
fact, there are strong degeneracies between these parameters, and some conflicts also exist
among various observations. The reason for the situation is that the current observations are
still not accurate enough, so that we cannot precisely measure the cosmological parameters
beyond the standard model. In order to better constrain these parameters, we also need
some new cosmological probes other than the traditional EM cosmological probes.
As proposed by Schutz in 1986 [110] and subsequently discussed by Holz and Hughes
[111], the observations of gravitational waves (GW) can be used as the standard sirens in
cosmology. The detection of GW event GW170817 [112] from the merger of binary neutron
star and its EM counterpart GRB170817A [113] have pronounced the arrival of the multi-
messenger astronomy era. With the help of the multi-messenger observation, we can measure
the absolute luminosity distance dL of the source from the gravitational wave signal as well
as the redshift z from the observation for its electromagnetic counterpart. Then, we can
establish a true distance-redshift relation which can be used to infer the expansion history of
universe and constrain the cosmological parameters such as the Hubble constant [114]. For
measuring the Hubble constant, the main advantage of the standard siren method is that it
avoids using the cosmic distance ladder. The GW standard sirens would become a promising
new cosmological probe in the future, and would play a significant role in the cosmological
parameter measurements [115, 116].
Actually, in the 2030s, a proposed third-generation ground-based GW observatory, the
Einstein Telescope (ET), will be brought into operation [117]. This impressive facility will
have 10 km-long arms and three detectors. Compared with the advanced LIGO, it has a much
wider detection frequency range and a much better detection sensitivity. Thus, there will be
much more binary neutron star merger events in much deeper redshifts detected by ET. As
a conservative estimation, at least 1000 useful standard siren events will be observed with
ET’s ten-year operation [118]. In the literature [115, 118–133], some authors have utilized
the simulated future GW standard siren observations to estimate the cosmological parame-
ters in various cosmological models of dark energy. For example, in Ref. [118] the authors
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have investigated the capabilities of future GW standard siren observation for improving the
parameter estimation in cosmology and for breaking the parameter degeneracies formed in
traditional EM observations. Taking ET as an example, they simulated 1000 data based on
the ten-year observation and found that the simulated GW data could effectively break the
parameter degeneracy in the ΛCDM and wCDM models, significantly improving the param-
eter constraints in the cosmological fit. In Ref. [124], the authors have also investigated the
Chevalliear-Polarski-Linder (CPL), α dark energy (αDE), generalized Chaplygin gas (GCG)
and new generalized Chaplygin gas (NGCG) models with the simulated GW standard siren
data, and it was shown that the GW data could also improve the constraints on the cos-
mological parameters for all these DE models. Likewise, the similar conclusion can also be
drawn for the holographic dark energy models, as shown in Ref. [120]. In addition to the
DE models, the GW standard siren observations can also exert significant influences on the
studies of the MG models. The impacts of the future GW observations on the MG models
have been recently intensively discussed in the literature (e.g., Refs. [127–131]).
As for the interacting dark energy (IDE) models, Ref. [122] has recently investigated
how the future GW data could help improve the limits on the parameters in two specific
IΛCDM models, finding that the addition of GW data to the CMB data can reduce the
current uncertainty by a factor of 5. However, it is well-known that for the IDE scenario
there is a problem of early-time perturbation instability, and thus in Ref. [122] the authors
have to set the coupling constant ξ to be positive and introduce a factor (1+wx) into the
interaction term Q to ensure the stability for these models. In the present work, to treat
the large-scale instability problem for the cosmological perturbations in the IDE scenario, we
adopt the extended parameterized post-Friedmann (PPF) method [94, 95, 106, 134–137] to
calculate the cosmological perturbations. Using the extended PPF method, without assuming
any specific ranges of the EoS parameter w and the coupling constant β, the cosmological
perturbations can be calculated safely in the whole parameter space of an interacting dark
energy model. We will further explore the impacts of the future GW data on improving
the parameter constraints by breaking the parameter degeneracies for the IDE models. We
consider two cases of interaction term, i.e., Q = βHρc and Q = βH0ρc, where ρc is the energy
density of cold dark matter. This work will make the analysis of impacts of GW standard
sirens on improving cosmological parameter estimation more complete.
This paper is organized as follows. In Sec. 2, we give a brief description for the extended
PPF approach to the interacting dark energy models. In Sec. 3, we introduce the current
cosmological data and briefly describe the method to simulate the GW data. In Sec. 4, we
report the constraint results and make some relevant discussions. Conclusion is given in
Sec. 5.
2 A brief description of the extended PPF approach for interacting dark
energy models
If there is a direct, non-gravitational interaction between dark energy and dark matter,
we will have the following energy continuity equations
ρ′de = −3H(1 + w)ρde + aQde, (2.1)
ρ′c = −3Hρc + aQc, Qde = −Qc = Q, (2.2)
where ρde and ρc are the energy densities of dark energy and dark matter, respectively, a
prime is the derivative with respect to the conformal time η, H = a′/a is the conformal
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Hubble expansion rate, a denotes the scale factor, w is the EoS parameter, and Q is the
phenomenological interaction term. Generally, the form of Q is assumed to be proportional
to the density of dark sectors, and it can include the Hubble parameter H or the Hubble
constant H0. In this paper, we consider two forms of the interaction term Q, e.g., Q = βHρc
and Q = βH0ρc, with β being a dimensionless coupling parameter used to describe the
interaction strength between dark energy and dark matter. From Eqs. (2.1) and (2.2), we
can clearly see that if β > 0, dark matter would decay into dark energy, and vice versa for
β < 0. Here, β = 0 denotes no interaction between the two sectors.
The covariant conservation law of the dark sectors can be expressed as
∇νTµνI = QµI ,
∑
I
QµI = 0, (2.3)
where TµνI is the energy-momentum tensor, and Q
µ
I is the energy-momentum transfer vector.
In this paper, we choose Qµde = −Qµc = Quµc , where uµc is the four-velocity of dark matter.
The energy-momentum transfer vector QµI can be split into two parts as
QIµ = a
(−QI(1 +AY )− δQIY, [fI +QI(v −B)]Yi), (2.4)
where δQI is the energy transfer perturbation and fI is the momentum transfer potential
of the I fluid. A and B are the scalar metric perturbations. Y is the eigenfunctions of the
Laplace operator (∇2Y = −k2Y ) and Yi is the covariant derivative (Yi = (−k)∇iY ).
In the interacting dark energy models, we can give the following conservation equations
for the I fluid according to Eqs. (2.3) and (2.4),
δρ′I + 3H(δρI + δpI) + (ρI + pI)(kvI + 3H ′L) = a(δQI +AQI), (2.5)
[(ρI + pI)(vI −B)]′ + 4H(ρI + pI)(vI −B)− kδpI + 2
3
kcKpIΠI − k(ρI + pI)A
= a[QI(v −B) + fI ]. (2.6)
In the equations above, δρI is the energy density perturbation, δpI is the isotropic
pressure perturbation, vI is the velocity perturbation, and cK = 1−3K/k2 with K being the
spatial curvature, and ΠI is the anisotropic stress perturbation.
When considering the interaction between dark matter and dark energy, dark energy is
treated as a nonadiabatic fluid and the calculation of δpde is in terms of the adiabatic sound
speed and the rest-frame sound speed. Under such circumstances, the interacting dark energy
models will be plagued with the problem of large-scale instability. Hence, we should treat
the dark energy perturbations with the extended PPF framework [134]. For clarity, in the
following discussion, we will use some new symbols, i.e., ζ ≡ HL, ξ ≡ A, ρ∆ ≡ δρ, ∆p ≡ δp,
V ≡ v, and ∆QI ≡ δQI , to denote the corresponding quantities of the comoving gauge,
except the two gauge-independent quantities Π and fI .
On the large scales, the direct relationship between Vde−VT and VT can be established,
and it can be parametrized by a function fζ(a) as [138, 139]
lim
kH1
4piGa2
H2 (ρde + pde)
Vde − VT
kH
= −1
3
ckKfζ(a)kHVT , (2.7)
– 4 –
where kH = k/H. The equation of motion for the curvature perturbation ζ on the large
scales can be obtained by combining this equation with Einstein equations,
lim
kH1
ζ ′ = Hξ − K
k
VT +
1
3
ckKfζ(a)kVT . (2.8)
On the small scales, one can describe the evolution of curvature perturbation by using the
Poisson equation, Φ = 4piGa2∆TρT /(k
2cK), with Φ = ζ + VT /kH . These two limits can be
linked by the introduction of a dynamical function Γ,
Φ + Γ =
4piGa2
k2cK
∆TρT , (2.9)
which is satisfied for all the scales.
Compared with the small-scale Poisson equation, Eq. (2.9) gives Γ → 0 at kH  1.
Combining the derivative of Eq. (2.9) with the conservation equations and the Einstein
equations, the equation of motion for Γ on the large scales can be expressed as follows,
lim
kH1
Γ′ = S −HΓ, (2.10)
with
S =
4piGa2
k2
{
[(ρde + pde)− fζ(ρT + pT )]kVT
+
3a
kHcK
[Qc(V − VT ) + fc] + a
cK
(∆Qc + ξQc)
}
,
where ξ can be obtained from Eq. (2.6),
ξ = −∆pT −
2
3
∏
T +
a
k [Qc(V − VT ) + fc]
ρT + pT
. (2.11)
By the transition scale parameter cΓ, we can take the equation of motion for Γ on all
scales to be [138, 139]
(1 + c2Γk
2
H)[Γ
′ +HΓ + c2Γk2HHΓ] = S. (2.12)
From Eq. (2.12) we can see that in the equation of motion for Γ, all of the perturbation
quantities contain only matters and do not include dark energy. So, we can also solve Eq.
(2.12) without using any information related to the dark energy perturbations. As long
as we know the evolution of Γ, we can get the energy density and velocity perturbations
immediately,
ρde∆de = −3(ρde + pde)Vde − VT
kH
− k
2cK
4piGa2
Γ, (2.13)
Vde − VT = −k
4piGa2(ρde + pde)F
×
[
S − Γ′ −HΓ + fζ 4piGa
2(ρT + pT )
k
VT
]
, (2.14)
with F = 1 + 12piGa2(ρT + pT )/(k
2cK).
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3 Data and method
In this section we will first describe the current observational data used in this paper,
and then introduce the simulated future GW data.
The current observational data sets we used in this work include CMB, BAO and SN.
For the CMB data, we use the Planck temperature and polarization power spectra of the
full range of multipoles [140], denoted here as “Planck TT, TE, EE+lowTEB”. For the BAO
data, we use the measurements from 6dFGS (zeff = 0.106) [141], SDSS-MGS (zeff = 0.15)
[142], and BOSS DR12 (zeff = 0.38, 0.51, and 0.61) [143]. For the SN data, we use the
Pantheon sample, which is comprised of 1048 data points [144].
Next, we shall introduce the method to generate the GW standard siren data specifically.
Each data point consists of a triple (zi, dL(zi), σi). Here, zi is the redshift of the GW source,
dL(zi) is the luminosity distance at zi, and σi is the error. The simulation method is the same
as described in Refs. [118, 145–147]. The GW sources considered in this work include the
merger events from black hole-neutron star (BHNS) systems and binary neutron star (BNS)
systems, both are expected to exhibit afterglows in the electromagnetic (EM) radiation after
they emit a burst of GW. Thus, BNS and NSBH could be observed as not only a transient
GW event, but also an EM counterpart. The consideration of NSBH is likely to exert a
beneficial effect on the determination of cosmological parameters [146]. But for NSBH, the
intrinsic coalescence rate is expected to be considerably lower than that for BNS as indicated
in the Conceptual Design Study of the Einstein Telescope [117] (see Table 2 on Page 31).
Thus, for the GW standard siren data simulation, we mainly consider the coalescence events
of BNS and only consider a small number of NSBH coalescence events. According to the
prediction of the Advanced LIGO-Virgo network [148], the radio between NSBH and BNS is
set to be 0.03 so as to make BNS the majority of GW sources for standard sirens, which is
also in accordance with Refs. [118, 120, 124, 145, 147].
The redshift distribution of the observable sources is given by [146, 147]
P (z) ∝ 4pid
2
C(z)R(z)
H(z)(1 + z)
, (3.1)
where dC(z) is the comoving distance at the redshift z, andR(z) denotes the redshift evolution
of the burst rate that takes the form as [147, 149, 150]
R(z) =

1 + 2z, z ≤ 1,
3
4(5− z), 1 < z < 5,
0, z ≥ 5.
(3.2)
Furthermore, we can get the catalogue of the GW sources by choosing a fiducial model.
Theoretically, the fiducial model could be any well motivated cosmological model. In this
paper, we take the best-fit interacting dark energy models (i.e., the IΛCDM model and the
IwCDM model) constrained by the current observations as the fiducial models to produce the
simulated GW data. For the base 6-parameter ΛCDM model, the cosmological parameters
are {ωb, ωc, 100θMC, τ, ns, ln(1010As)}, where ωb = Ωbh2 and ωc = Ωch2 are the present
densities of baryons and cold dark matter, respectively, θMC is the ratio between the sound
horizon and the angular diameter distance at the decoupling epoch, τ is the reionization
optical depth, ns is the scalar spectral index, and As is the amplitude of primordial scalar
perturbation power spectrum. As an extension of the ΛCDM model, the wCDM model has
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an additional parameter w = constant relative to the ΛCDM model. Similarly, the IΛCDM
model has an additional coupling parameter β relative to the ΛCDM model, and the IwCDM
model has an additional coupling parameter β relative to the wCDM model.
The comoving distance dC(z) can be calculated by the function
dC(z) =
1
H0
∫ z
0
dz′
E(z′)
, (3.3)
where E(z) = H(z)/H0 is given by a cosmological model. Therefore, according to the redshift
distribution of the GW sources, we can generate a catalog of the GW sources by Eq. (3.3),
which means that the relation between z and dL can be given for each fiducial model.
Since the GW amplitude depends on the luminosity distance dL, the information of dL
and σdL can be obtained from the waveform. The strain h(t) in the GW interferometers can
be written as
h(t) = F+(θ, φ, ψ)h+(t) + F×(θ, φ, ψ)h×(t), (3.4)
where F+ and F× are the beam pattern functions, ψ is the polarization angle, θ and φ describe
the location of the GW source relative to the GW detector. The antenna pattern functions
of the ET can be written as [146]
F
(1)
+ (θ, φ, ψ) =
√
3
2
[
1
2
(1 + cos2(θ)) cos(2φ) cos(2ψ)
− cos(θ) sin(2φ) sin(2ψ)],
F
(1)
× (θ, φ, ψ) =
√
3
2
[
1
2
(1 + cos2(θ)) cos(2φ) sin(2ψ)
+ cos(θ) sin(2φ) cos(2ψ)]. (3.5)
Obviously, the antenna pattern functions of the other two interferometers can also be easily
calculated due to fact that the three interferometers are placed in an equilateral triangle
shape, with the angles with each other being 60◦.
Next, we compute the Fourier transform H(f) of the time domain waveform h(t),
H(f) = Af−7/6 exp[i(2pift0 − pi/4 + 2Ψ(f/2)− ϕ(2.0))]. (3.6)
Here, the functions Ψ(f) and ϕ(2.0) are
Ψ(f) = −ψ0 + 3
256η
7∑
i=0
ψi(2piMf)
i/3, (3.7)
ϕ(2,0) = tan
−1
(
− 2 cos(ι)F×
(1 + cos2(ι))F+
)
, (3.8)
with the parameters ψi provided in Ref. [151]. The Fourier amplitude A can be expressed as
A = 1
dL
√
F 2+(1 + cos
2(ι))2 + 4F 2× cos2(ι)
√
5pi/96pi−7/6M5/6c , (3.9)
whereMc = Mη3/5 is the “chirp mass” related to the total mass M of the coalescing binary
system, η = m1m2/M
2 is the symmetric mass ratio, and m1 and m2 are the component
masses. The masses quoted here refer to the redshifted masses in observation, and the relation
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between the observed mass and the intrinsic mass (in the source frame) is Mobs = (1+z)Mint.
In Eq. (3.9), ι denotes the angle of inclination of the binary’s orbital angular momentum with
the line of sight. Since the short gamma ray bursts (SGRBs) are strongly beamed, the binaries
should be orientated nearly face on (i.e., ι ' 0) as implied by the coincidence observations of
SGRBs, and the maximal inclination is about ι = 20◦.
Once the waveform of the GW is known, the signal-to-noise ratio (SNR) for the network
of three independent interferometers can be calculated by
ρ =
√√√√ 3∑
i=1
(ρ(i))2, (3.10)
where ρ(i) =
√〈H(i),H(i)〉, and here the inner product of a(t) and b(t) is defined as
〈a, b〉 = 4
∫ fupper
flower
a˜(f)b˜∗(f) + a˜∗(f)b˜(f)
2
df
Sh(f)
, (3.11)
where “∼” above the function represents the Fourier transform of the each quantity and
Sh(f) is the one-side noise power spectral density. Note here that we have taken Sh(f) of
the ET to be the same as that in Ref. [146].
The Fisher information matrix can be used to estimate the instrumental error on the
measurement of dL,
σinstdL '
√〈
∂H
∂dL
,
∂H
∂dL
〉−1
. (3.12)
Because dL is independent of other parameters, according to the relation H ∝ d−1L , we can
easily get σinstdL ' dL/ρ. When considering the effect of the inclination angle ι (0◦ < ι < 90◦),
we need to add a factor 2 in front of the error, namely,
σinstdL '
2dL
ρ
. (3.13)
In addition, we have to consider the error from weak lensing, which can be expressed as σlensdL
= 0.05zdL [147]. Therefore, the total error of the luminosity distance is
σdL =
√
(σinstdL )
2 + (σlensdL )
2
=
√(
2dL
ρ
)2
+ (0.05zdL)2. (3.14)
Now, we can generate the catalogue of the GW standard sirens data (zi, dL(zi), σi). In
Ref. [147], it pointed out that the constraining capability of about 1000 GW events is similar
to that of the Planck mission. Thus, in this paper, we also simulate 1000 GW standard siren
data points which are expected to be detected by the ET in its 10-year observation.
In order to constrain the cosmological parameters, we will use the Markov chain Monte
Carlo (MCMC) method to infer the posterior probability distributions. The procedure is as
follows. First, we will use the current data combination of CMB+BAO+SN to constrain the
IΛCDM and IwCDM models, and then we use the obtained best-fit values of the cosmological
– 8 –
Table 1. Fitting results (68.3% confidence level) for the IΛCDM models using CBS and CBS+GW.
Here, CBS stands for CMB+BAO+SN.
Model IΛCDM1 (Q = βHρc) IΛCDM2 (Q = βH0ρc)
Data CBS CBS+GW CBS CBS+GW
Ωm 0.3050
+0.0080
−0.0081 0.3050± 0.0029 0.3000+0.0150−0.0170 0.3002+0.0075−0.0074
H0 [km/s/Mpc] 68.05
+0.65
−0.64 68.05± 0.22 68.06± 0.80 68.04± 0.33
β 0.00120± 0.00120 0.00120± 0.00088 0.03100± 0.04400 0.03100± 0.03000
Table 2. Fitting results (68.3% confidence level) for the IwCDM models using CBS and CBS+GW.
Here, CBS stands for CMB+BAO+SN.
Model IwCDM1 (Q = βHρc) IwCDM2 (Q = βH0ρc)
Data CBS CBS+GW CBS CBS+GW
Ωm 0.3073
+0.0081
−0.0082 0.3071
+0.0028
−0.0029 0.3320
+0.0250
−0.0280 0.3240
+0.0180
−0.0200
H0 [km/s/Mpc] 68.13
+0.84
−0.83 68.13± 0.18 68.00± 0.82 68.02± 0.40
β −0.0005± 0.0015 −0.0005± 0.0013 −0.0950± 0.0930 −0.0670± 0.0780
w −1.036± 0.040 −1.036± 0.026 −1.105+0.093−0.075 −1.075+0.074−0.062
parameters (except for the coupling constant β) to simulate the future GW data; due to the
central value of the coupling constant β being around zero, we take the fiducial value as β = 0
for this parameter. Next, we will consider the simulated GW standard sirens data in our
analysis and combine them with the current cosmological data (i.e., CMB+BAO+SN+GW)
to constrain the IDE models again, investigating whether the addition of the GW data can
improve the constraints on the parameters of IDE models.
The χ2 function for the GW observation can be written as
χ2GW =
N∑
i=1
[
d¯iL − dL(z¯i; ~Ω)
σ¯idL
]2
, (3.15)
where z¯i, d¯
i
L, and σ¯
i
dL
are the ith redshift, luminosity distance, and error of luminosity
distance, respectively, and ~Ω denotes the set of cosmological parameters.
For the combination of the conventional EM observations and the GW standard siren
observation, the total χ2tot function is
χ2tot = χ
2
CMB + χ
2
BAO + χ
2
SN + χ
2
GW. (3.16)
4 Results and discussion
The main constraint results ate summarized in Figs. 1–4 and Tables 1–4. In Figs. 1–4,
the constraint results for the IΛCDM1 model with Q = βHρc, the IΛCDM2 model with
Q = βH0ρc, the IwCDM1 model with Q = βHρc, and the IwCDM2 model with Q = βH0ρc
are shown, respectively. In these figures, one-dimensional marginalized posterior distributions
– 9 –
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Figure 1. Observational constraints (68.3% and 95.4% confidence level) on the IΛCDM1 model
with Q = βHρc by using the CMB+BAO+SN and CMB+BAO+SN+GW data.
Table 3. Constraint errors for cosmological parameters of the IΛCDM models and the IwCDM
models using CBS and CBS+GW. Here, CBS stands for CMB+BAO+SN.
Model IΛCDM1 (Q = βHρc) IΛCDM2 (Q = βH0ρc) IwCDM1 (Q = βHρc) IwCDM2 (Q = βH0ρc)
Data CBS CBS+GW CBS CBS+GW CBS CBS+GW CBS CBS+GW
σ(Ωm) 0.0081 0.0029 0.0160 0.0075 0.0082 0.0029 0.0265 0.0190
σ(H0) 0.645 0.220 0.800 0.330 0.835 0.180 0.820 0.400
σ(β) 0.00120 0.00088 0.04400 0.03000 0.00150 0.00130 0.09300 0.07800
σ(w) − − − − 0.0400 0.0260 0.0845 0.0683
and the two-dimensional contours (68.3% and 95.4% confidence level) from CMB+BAO+SN
and CMB+BAO+SN+GW are colored by blue and green, respectively. The fit values of the
cosmological parameters for the IDE models are given in Tables 1 and 2. The constraint
errors of the cosmological parameters are given in Table 3, and the constraint accuracies are
given in Table 4. Here, for a parameter ξ, the accuracy ε(ξ) is defined as ε(ξ) = σ(ξ)/ξ,
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Figure 2. Observational constraints (68.3% and 95.4% confidence level) on the IΛCDM2 model
with Q = βH0ρc by using the CMB+BAO+SN and CMB+BAO+SN+GW data.
Table 4. Constraint accuracies for cosmological parameters of the IΛCDM models and the IwCDM
models using CBS, and CBS+GW. Here, CBS stands for CMB+BAO+SN.
Model IΛCDM1 (Q = βHρc) IΛCDM2 (Q = βH0ρc) IwCDM1 (Q = βHρc) IwCDM2 (Q = βH0ρc)
Data CBS CBS+GW CBS CBS+GW CBS CBS+GW CBS CBS+GW
ε(Ωm) 0.0266 0.0095 0.0533 0.0250 0.0267 0.0094 0.0798 0.0586
ε(H0) 0.0095 0.0032 0.0118 0.0049 0.0123 0.0026 0.0121 0.0059
ε(w) − − − − 0.0386 0.0251 0.0765 0.0635
which is the relative error. For convenience, the data combination “CMB+BAO+SN” is also
abbreviated as “CBS” in the following.
At first glance, we can easily find that the addition of the GW standard siren data can
tighten the constraint on H0 and Ωm significantly (except the case in the IwCDM2 model
with Q = βH0ρc, which will be discussed in the following), and for the other parameters the
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Figure 3. Observational constraints (68.3% and 95.4% confidence level) on the IwCDM1 model
with Q = βHρc by using the CMB+BAO+SN and CMB+BAO+SN+GW data.
constraints are slightly weaker.
The constraint results for the IΛCDM1 model with Q = βHρc are shown in Fig. 1.
We find that the CBS data provide a 0.95% measurement for H0, whereas the combined
CBS+GW data provide a 0.32% measurement. For the parameter Ωm, the CBS data can
give a constraint accuracy of 2.66%. When adding the GW data, the constraint accuracy for
Ωm is improved to 0.95% (using the CBS+GW data). Obviously, both parameters can be
constrained more stringent with the help of the GW data. Note here that since the central
value of the coupling constant β in IDE models is around zero, the relative error for this
parameter will be immensely influenced by the statistic fluctuations. Therefore, the absolute
error is more reliable for quantifying the improvement for constraining this parameter. The
addition of the GW data will tighten the constraint on the coupling constant β, with the
absolute error improved from σ(β) = 1.2× 10−3 to σ(β) = 8.8× 10−4.
The constraint results for the IΛCDM2 model with Q = βH0ρc are shown in Fig. 2. For
this model, the CBS data can provide a 1.18% measurement for H0, while the CBS+GW
data can measure H0 at the 0.49% level. With respect to the parameter Ωm, the CBS+GW
data can give a 2.50% constraint accuracy on Ωm, better than the constraint using the CBS
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Figure 4. Observational constraints (68.3% and 95.4% confidence level) on the IwCDM2 model
with Q = βH0ρc by using the CMB+BAO+SN and CMB+BAO+SN+GW data.
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Figure 5. The evolutions of Q/H0ρcr0 (with 1σ errors) in the IΛCDM1 model with Q = βHρc (left)
and in the IΛCDM2 model with Q = βH0ρc (right), respectively. The black dashed lines denote the
noninteracting case (Q=0).
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data of a 5.33% accuracy. For the coupling constant β, the result is similar to the case of
the IΛCDM1 model, and the constraint error could be improved from σ(β) = 4.4× 10−2 to
σ(β) = 3× 10−2 with the addition of the GW data.
The results for the IwCDM1 model with Q = βHρc are shown in Fig. 3. From this
figure, we find that the situation is similar to that of the IΛCDM models. We can see that
the CBS data can only provide a 1.23% measurement for H0, while the combined CBS+GW
data constrain H0 to a 0.26% accuracy. As for the measurement of Ωm, we find that the
constraint result using the CBS+GW data is also better than that using the CBS data.
When adding the GW data, the constraint accuracy of Ωm will be improved from 2.67% to
0.94%. For the parameter w, there is a slight improvement when adding the GW data, with
the accuracy enhanced from 3.86% to 2.51%. For the coupling parameter β, the constraint
errors are σ(β) = 1.5× 10−3 and σ(β) = 1.3× 10−3 using CBS and CBS+GW, respectively.
The improvement in this case is not evident.
Finally, we investigate the IwCDM2 model with Q = βH0ρc, of which the constraint
results are shown in Fig. 4. We find that the constraint accuracy on Ωm is worse compared
with the cases in the above three models. When adding the GW data, the constraint on
Ωm is at a 5.86% accuracy (using CBS+GW data), slightly better than that using the CBS
data at a 7.98% accuracy. In addition, we also find that the CBS data provide a 1.21%
measurement for H0, and the combined CBS+GW data provides a 0.59% measurement for
H0. Similar to the case of IwCDM1 model with Q = βHρc, the accuracy of w is only slightly
improved, from 7.65% to 6.35%. For the coupling parameter β, when we add the GW data,
the constraint error is slightly decreased, from σ(β) = 9.3× 10−2 to σ(β) = 7.8× 10−2.
In addition, we also plot the reconstructed evolutions of the interaction term Q(z) in
the IΛCDM1 and IΛCDM2 models in Fig. 5. Here we show Q/H0ρcr0 versus z, where
ρcr0 = 3M
2
plH
2
0 is the present-day critical density of the universe. The best-fit line and the
1σ region are shown in the figure, and the two panels are for the IΛCDM1 and IΛCDM2
models, respectively. It is clear to see that the addition of the GW data could significantly
shrink the uncertainty in the reconstruction of the interaction term.
Note here that, as an another third-generation ground-based GW observatory in addition
to the ET (in the Europe), the Cosmic Explorer (CE) has also been proposed to be built in
the United States. This project is scheduled to start its observation in the mid-2030s. Some
forecast studies on constraining cosmological parameters using the GW standard sirens ob-
served by the CE have been made in the literature. The cosmological parameter constraining
capability of the CE is slightly better than that of the CE, as shown in Refs. [152, 153].
In summary, for all the IDE models considered in this paper, the future GW standard
siren data observed by the ET can indeed improve the constraint accuracies of cosmological
parameters (e.g., Ωm, H0, and w). Specifically, for the coupling parameter β, when adding
the GW data, the constraint error is also evidently decreased.
5 Conclusion
In this paper, we have investigated how the future GW standard sirens observed by the
next-generation ground-based GW detectors would impact on the cosmological parameter
estimation for the IDE models. We consider four typical IDE models, i.e., the IΛCDM1
(Q = βHρc) model, the IΛCDM2 (Q = βH0ρc) model, the IwCDM1 (Q = βHρc) model,
and the IwCDM2 (Q = βH0ρc) model. To study the impacts of the GW data, we also consider
the conventional EM observations in this paper including the Planck 2015 CMB data, the
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BAO measurements, and the SN data of Pantheon compilation. For the GW data, we
simulate 1000 GW multi-messenger events based on the ET’s ten-year observation. In order
to quantify the constraint capability of the GW data, we consider two data combinations,
i.e., CBS and CBS+GW, to constrain the cosmological models.
We find that the future GW standard sirens can significantly improve the constraints on
most of the cosmological parameters for all the IDE models. When adding the GW standard
siren data, the constraint accuracy of H0 can be remarkably improved, from 0.95%, 1.18%,
1.23%, and 1.21% to 0.32%, 0.49%, 0.26%, and 0.59% for the IΛCDM1, IΛCDM2, IwCDM1,
and IwCDM2 models, respectively. Moreover, as for the parameter Ωm, the constraint accu-
racy is improved from 2.66%, 5.33%, 2.67%, and 7.98% to 0.95%, 2.50%, 0.94%, and 5.86%,
for the four considered models, respectively. For the coupling constant β, when adding the
GW data, the constraint error σ(β) can also be decreased, from 1.2× 10−3, 4.4× 10−2, and
9.3×10−2 to 8.8×10−4, 3.0×10−2, and 7.8×10−2 for the IΛCDM1, IΛCDM2, and IwCDM2
models, respectively. While for the IwCDM1 model, the improvement is not so evident for
this parameter, from σ(β) = 1.5 × 10−3 to σ(β) = 1.3 × 10−3. For the parameter w in the
IwCDM models, the constraint accuracy could also be improved when adding the GW data,
from 3.86% to 2.51% for the IwCDM1 model and from 7.65% to 6.35% for the IwCDM2
model.
It is shown in this paper that for the IDE models the constraint precisions for cosmologi-
cal parameters can be promoted effectively with the consideration of future GW observations.
The results presented here are consistent with the previous studies on other dark energy mod-
els. We conclude that the GW standard sirens would be developed into a powerful cosmolog-
ical probe in the future. Due to the fact that the GW observations can measure the absolute
distance scale in cosmology, the standard sirens can be used to break the cosmological pa-
rameter degeneracies inherent in the conventional EM observations. The next-generation
ground-based GW detectors and the future space-based GW detectors would observe a large
number of GW events in multi-frequency bands, providing a large sample of standard sirens
that will greatly promote the development of cosmology. We need more detailed studies on
the standard siren cosmology.
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